The current article focus on the ordinary Bernoulli, Euler and Genocchi numbers and polynomials. It introduces a new approach to obtain identities involving these special polynomials and numbers via generating functions. As an application of the new approach, an easy proof for the main result in [6] is given. Relationships between the Genocchi and the Bernoulli polynomials and numbers are obtained. Some interesting identities are discovered.
Introduction and basic definitions
The use of polynomials in many areas of science and engineering is quite remarkable: numerical analysis, operator theory, special functions, complex analysis, statistics, sorting and data compression, etc. Throughout this paper we shall focus on three special polynomials. These useful polynomials are the Bernoulli, Euler and Genocchi polynomials. The Bernoulli polynomials and the Bernoulli numbers, for example, are of fundamental importance in several parts of analysis and in the calculus of finite difference. These polynomials and numbers have applications in many fields. For example, in numerical analysis, statistics and combinatorics. The interested reader may refer to [1, 2, 4, [6] [7] [8] [9] 11, [15] [16] [17] 19, 29, 31, 41, 44] and the references therein. The basic properties of Bernoulli numbers and polynomials are well known and are outlined, for example in [5, 10, 12, 14, 22, 34, 39, 42] .
The generating functions have an important role in many branches of mathematics, statistics and computer science, see for example [26, 27, 36, 43] .
The main object of the current paper is to show that the generating functions approach can be employed efficiently to obtain old and new identities involving the Bernoulli, Euler and Genocchi polynomials and numbers.
The current paper is organized as follows: In the next section, we list some important properties, without proofs, for some exponential generating functions. The main results of this paper are given in Sections 3 and 4. Finally, a conclusion is given in Section 5.
Throughout the paper, d nm is the kronecker symbol which is equal to 1 or 0 according as n ¼ m or not. Also empty summation is assumed equal to zero. Definition 1.1 [36] . The falling factorial of x; ðxÞ n is defined by f ðxÞ ¼ X 1 n¼0 a n x n :
Definition 1.4 [26] . The exponential generating function (EGF) of a sequence < a 0 ; a 1 ; a 2 ; . . . > is defined by
a n x n n! :
Throughout this paper, we shall be concerned with the exponential generating functions. For these generating functions, we have X 1 n¼0 a n x n n! þ X 1 n¼0 b n x n n! ¼ X 1 n¼0 ða n þ b n Þ x n n! and ð1Þ X 1 n¼0 a n x n n!
If gðxÞ is the generating function of the sequence < a 0 ; a 1 ; a 2 ; . . . >, then we may write the correspondence between the sequence and its generating function by using a double-sided arrow as follows
Definition 1.5 [18] . The sequences < B 0 ; B 1 ; B 2 ; . . . > of the Bernoulli numbers, B n ; n P 0 and < B 0 ðxÞ; B 1 ðxÞ; B 2 ðxÞ; . . . > of the Bernoulli polynomials, B n ðxÞ; n P 0 are defined by the exponential generating functions
respectively. The first 6 Bernoulli polynomials are
x:
The first 11 Bernoulli numbers are 
Main results
For convenience of the reader, we begin this section by giving the following useful results whose proofs will be omitted, for the sake of space requirement. We are now ready to give the main results of this section.
Theorem 3.1. The Bernoulli numbers B n ; n P 0 and polynomials B n ðxÞ; n P 0 satisfy B n ¼ B n ð0Þ; n P 0: ð6Þ
ðÀ1Þ n B n ¼ B n ð1Þ; n P 0: ð8Þ ðÀ1Þ n B n ¼ X n k¼0 n k B k ; n P 0: ð9Þ
DB n ðxÞ ¼ n x nÀ1 ; n P 1: ð12Þ 
Proof.
To prove(6): From Property 1, we have
Comparing the coefficients on both sides, we get B n ¼ B n ð0Þ; n P 0: j
To prove (7): From Property 2, we have
Comparing the coefficients on both sides, we obtain ðÀ1Þ n B n ¼ d n1 þ B n ; n P 0:
Therefore, we get B 1 ¼ À 
Comparing the coefficients on both sides, gives ðÀ1Þ n B n ¼ B n ð1Þ; n P 0:
From (6)- (8) , we see that B n ð1Þ ¼ B n ð0Þ; n -1. j
To prove (9): From Property 4, we have
To prove (10): From Property 5, we obtain
By using (2), we get
To prove (11): Rewriting Property 6 in the form
having used (10) .
The same result may also be obtained by using property (7) . j
To prove (12): From Property 8, we have
Comparing the coefficients on both sides, gives DB n ðxÞ ¼ B n ðx þ 1Þ À B n ðxÞ ¼ n x nÀ1 ; n P 1: j
To prove (13): From Property 9, we have @ @x
Consequently, we get 
Using (2), we obtain
Rewriting Property 10, in the form
GðtÞ ¼ e Àxt Fðx; tÞ:
Then, we can easily see that
showing that the Bernoulli numbers can be expressed in terms of the Bernoulli polynomials. j
To prove (15): From Property 10, we have
Fðx; tÞ ¼ GðtÞ e xt :
Integrating both sides with respect to
Therefore,
Hence,
Comparing the coefficients on both sides, yields Z aþ1 a B n ðxÞ dx ¼ a n ; n P 0: ð27Þ
Setting a ¼ 0 in (27), gives
Using (24) 
Summing over a from 1 to m, on both sides gives the power sum 
Setting x ¼ 0 in (30) gives (14) and setting y ¼ 1, then (30) yields
If we put x ¼ y in (30), then we have
To prove (17): From Property 12, we have
Therefore, 
Comparing the coefficients on both sides, we obtain B n ð1 À xÞ ¼ ðÀ1Þ n B n ðxÞ; n P 0: 
Using (32) in (36), we obtain X nÀ1 k¼0 n k 2 k B k ðxÞ ¼ 2 B n ð2xÞ À 2 n B n ðxÞ À Á ; n P 0:
Putting x ¼ 0 in the previous result, yields
To prove (20): From Property 15, we have
t k k! :
Comparing the coefficients on both sides, gives
; n P 0:
In particular, if x ¼ 0, then we get
To prove (21): From Property 16, we have
Using (2), yields X n k¼0 n k B k ð2xÞ À 2 k B k ðxÞ þ ðB n ð2xÞ À 2 n B n ðxÞÞ ¼ n 2 nÀ1 x nÀ1 ; n P 0:
Consequently, we have X nÀ1 k¼0 n k B k ð2xÞ À 2 k B k ðxÞ ¼ n 2 nÀ1 x nÀ1 À 2 ðB n ð2xÞ À 2 n B n ðxÞÞ; n P 0: j
To prove (22): From Property 17, we have
By using (2), we get X n k¼0 n k B k ðxÞB nÀk ðyÞ ¼ ð1 À nÞ B n ðx þ yÞ þ n ðx þ y À 1ÞB nÀ1 ðx þ yÞ: ð39Þ (39), we obtain the quadratic recurrence relation X n k¼0 n k B k B nÀk ¼ ð1 À nÞ B n À n B nÀ1 ; n P 1;
which is also known in its equivalent form
More than 250 years ago, Euler discovered the identity (40) . It gives the sum of products of the Bernoulli numbers.
To prove (23): From Property 18, we have
By using (2), we obtain 
The basic properties of Euler numbers and polynomials can be found in [10, 12, 28, 39] . The first 6 Euler polynomials are
The exponential generating functions GðtÞ; Fðx; tÞ and Hðx; tÞ satisfy the relationship
as can be easily checked.
We are now in a position to give an easy proof for the following theorem, which is the main result in [6] , (see also [40] ). Theorem 4.1.1. The Bernoulli polynomials B n ðxÞ; n P 0 are related to the Euler polynomials E n ðxÞ; n P 0 by
Proof. From (43), we have
A Connection between the Bernoulli Polynomials, B n ðxÞ and the Genocchi polynomials, G n ðxÞ
In recent years there has been a flurry of activity for doing research with Genocchi numbers and polynomials. See for instance, [3, 21, [23] [24] [25] 30, 32, 35, 37, 38, 40] . These numbers and polynomials are given by the following definition.
Definition 4.2.1 [25] . The sequences < G 0 ; G 1 ; G 2 ; . . . > of the Genocchi numbers, G n ; n P 0 and < G 0 ðxÞ; G 1 ðxÞ; G 2 ðxÞ; . . . > of the Genocchi polynomials, G n ðxÞ; n P 0 are defined by the exponential generating functions
respectively. The first 11 Genocchi numbers G n ¼ G n ð0Þ are
The first few Genocchi polynomials are G 0 ðxÞ ¼ 0 (42) and (46)). On the other hand, we have from (46), < G 0 ðxÞ; G 1 ðxÞ; G 2 ðxÞ; . . . > $ Qðx; tÞ:
From (48) and (49), we get G n ðxÞ ¼ n E nÀ1 ðxÞ; n P 1:
It is easy to see that the exponential generating functions GðtÞ; Fðx; tÞ and Q ðx; tÞ are related by t Fðx; tÞ ¼
We are now ready to give a connection between the Bernoulli polynomials B n ðxÞ; n P 0 and the Genocchi polynomials G n ðxÞ; n P 0. This connection is given by the following result. Theorem 4.2.1. The Bernoulli polynomials B n ðxÞ; n P 0 can be expressed by the Genocchi polynomials G n ðxÞ; n P 0 as
First Proof. Using (51), we have
Consequently, 
having used the identity n þ 1
. Further properties and identities
It is worth mentioned that new more interesting identities can be obtained using the technique of this paper by adding new properties. Here we add the following 10 additional properties.
ð1 þ e t Þ WðtÞ
WðtÞ À WðÀtÞ ¼ 2 t: ð55Þ 
Qðx; tÞQðy; tÞ ¼ 2 t @ @t Q ðx þ y; tÞ À Q ðx þ y; tÞ À t ðx þ y À 1ÞQ ðx þ y; tÞ
: ð63Þ
The property (54), together with (2), gives
From (55), one can see that
Therefore using (50), we get
(See Theorem 3.2 in [20] ). Similarly using (56), we obtain
From (11) and (67), we have the following curious identity between the Bernoulli and Genocchi numbers
Note that this identity can also be obtained from (37) . The property (57), together with (2), yields
Using (58), together with the following series expansion for tanhðtÞ
we see that
Therefore, we have Z 1 0 E n ðxÞ dx ¼ À 2 E nþ1 ð0Þ n þ 1 ; n P 1:
In particular, by using (66), then we have
From (59), we obtain G 0 n ðxÞ ¼ n G nÀ1 ðxÞ; n P 1:
Replacing x by Àx and n by n þ 1 in (71), we see that
Thus the sums G n ðxÞ þ G n ð1 þ xÞ and consequently, E n ðxÞ þ E n ð1 þ xÞ are even functions if n is odd.
From (72), we see that G n ð1Þ ¼ ÀG n ð0Þ ¼ ÀG n ; n P 2:
Making use of (61), together with (2), we arrive at
Using (67) in (74) together with the fact that B 1 ¼ À 1 2 , we get
on simplification.
The following identity is a direct consequence of (75)
It is worth mentioned that the identity (76) may be also obtained by using (52), (28) and (70). Eq. (76) is also equivalent to
Replacing n by 2n þ 2 and k by k þ 1 in (77), gives
having used (50). Consequently, we have
having used (66). The identity (78) is Theorem 3.3 in the very recent paper [20] . Using (72) and (7), we get
By using (78), together with (66) we see that
Using (50) in (80), gives
The property (62), together with (2), gives X nÀ1 k¼1 n k E k ð0Þ B nÀk ðxÞ ¼ À 1 2 G n ðxÞ; n P 1:
The property (63), together with (2), yields X nÀ1 k¼1 n k G k ðxÞG nÀk ðyÞ ¼ 2 ðn À 1Þ G n ðx þ yÞ À n ðx þ y À 1Þ G nÀ1 ðx þ yÞ ð Þ ; n P 2: ð83Þ
It follows from (83) that if y ¼ 1 À x, then we have X nÀ1 k¼1 n k G k ðxÞG nÀk ð1 À xÞ ¼ À2 ðn À 1Þ G n ; n P 2; for any rael x; ð84Þ
having used (73). Setting x ¼ y ¼ 0 in (83), we get the following quadratic identity X nÀ1 k¼1 n k G k G nÀk ¼ 2 n G nÀ1 þ 2 ðn À 1Þ G n ; n P 2:
At this stage, let us consider the sequence < E 0 ; E 1 ; E 2 ; . . . > of the Euler numbers E n ; n P 0, defined by
E n t n n! :
The odd-indexed Euler numbers are all zero. The even-indexed ones have alternating signs, and are given by the recursive recurrence relation
The first few values for the Euler numbers are
The relationship between the two generating functions WðtÞ and EðtÞ is given by e t Wð2 tÞ ¼ 2 t EðtÞ: ð87Þ
Using (87), together with (2), yields E nÀ1 ¼ 1 n X n k¼1 n k 2 kÀ1 G k þ 2 nÀ1 G n ! ; n P 1:
Consequently, we have
having used (50), together with the fact that the Euler polynomials E n ðxÞ satisfy [8] E n ðxÞ ¼ X n k¼0 n k E k ð0Þ x nÀk :
Let us finish this subsection by giving some identities concerning the Euler numbers. Using (89) in (84) with x ¼ 1 2 , gives the identity X nÀ1 k¼1 n k k ðn À kÞ E kÀ1 E nÀkÀ1 ¼ À2 nÀ1 n ðn À 1ÞE nÀ1 ð0Þ; n P 1:
Since n k k ðn À kÞ ¼ n À 2 k À 1 n ðn À 1Þ, we get, X nÀ1 k¼1 n À 2 k À 1 E kÀ1 E nÀkÀ1 ¼ À2 nÀ1 E nÀ1 ð0Þ; n P 3; ð90Þ on simplification. Replacing n by n þ 2 on both sides and k by k þ 1 in (90), gives X n k¼0 n k E k E nÀk ¼ À2 nþ1 E nþ1 ð0Þ; n P 1:
Consequently, showing that the Euler numbers, E n satisfy the quadratic recurrence relation X n k¼0 2n 2k E 2k E 2nÀ2k ¼ À2 2nþ1 E 2nþ1 ð0Þ; n P 1: ð91Þ
Conclusion
The current paper is addressed a generating function approach to obtain old and new identities. The approach is employed in a constructive way to obtain identities involving the Bernoulli, Euler and Genocchi polynomials and numbers. We established some properties for generating functions and two applications are given. Among the applications, we should stress that a simple proof for the main result in [6] , (see also [40] ) is given. Finally, some useful relationships between the Bernoulli, Euler and Genocchi polynomials and numbers are obtained.
All properties and results of this paper are tested using the Computer Algebra System (CAS), Maple [33].
